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Abstract 

In this paper we study the existence of a unique solution for linear stochastic differential 
equations driven by a Levy process, where the initial condition and the coefficients are random 
and not necessarily adapted to the underlying filtration. Towards this end, we extend the 
method based on Girsanov transformation on Wiener space and developped by Buckdahn [7] 
to the canonical Levy space, which is introduced in [25] . 
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1 Introduction 



Our aim in this paper is to prove the existence and uniqueness of a solution of the hnear stochastic 
differential equation 

Xt = Xo+ f b,Xsds+ f asX,SWs+f f Vs-{y)Xs- dN{s,y) 

Jo Jo Jo "'{|y|>l} 

+ // Vs^{y)Xs- dN{s,y), 0<t<T. (1.1) 

Jo "'{o<|a|<i} 

Here Xq is a random variable, a, b and v{y), for any y G R, y 7^ 0, are random processes no 
necessarily adapted to the underlying filtration, W is the canonical Wiener process, is the 
canonical Poisson random measure with parameter 1/ (see Section [2.21 for details), dN{t,y) := 
dN{t,y) — dtv{dy), and the integral with respect to W (respectively the integrals with respect to 
N and N) is in the Skorohod sense (respectively are pathwise defined). 

In the adapted case (i.e., deterministic initial condition and adapted coefficients to the filtra- 
tion generated by W and N), the stochastic differential equation (|l.ip with no necessarily linear 
coefficients has been analyzed by several authors (see, for instance, [TJ [51 131 HI [TUl [T3J (TSl [221 US])- 
For example, Ikeda and Watanabe [TD] have considered this equation with no necessarily linear 
coefficients and have used the Picard iteration procedure and Gronwall's lemma to show existence 
and uniqueness of the solution, respectively. It is well-known that this is possible due to the isom- 
etry property of Ito integrals. Also, in this case, one approach to study equation (II. 1|) is to assume 
first that N does not have small jumps (i.e., the absolutely values of the jumps side are bigger 
than a constant e > 0) and consider equation p. II) as an stochastic differential equation driven 
by a Brownian motion between two consecutive jump times, which has a unique solution under 
suitable conditions due to Ito [H] . Then, we only need to show that this solution converges to the 
one of equation (jl.ip as e — 0. Namely, the solution of the equation 

XI = Xo+ f bsXids+f asXl5Ws+l I Vs-{y)Xl^ dN{s,y) 

Jo Jo Jo "'{|y|>l} 

+ / / Vs-{y)Xl_ dN{s,y), 0<t<T, (1.2) 

Jo J{6<\y\<l} 

converges as e | 0, to a solution of equation ()l.ip . We can see Rubenthaler |23j for details. This 
method was also utilized to obtain an Ito formula for Levy processes (see, for example, Cont and 
Tankov [8]). We also mention that in the adapted and linear case, Ito formula provides a tool to 
obtain the existence and uniqueness of the solution to (jl.ll) . For details, the reader can consult 
Protter [22]. 

In the general case, we cannot use neither the Picard iteration procedure, nor Gronwall's lemma 
to deal with (|l.ip because the L^-norm of the solution depends on its derivative in the Malliavin 
calculus sense and this derivatives can be estimated only in terms of the second derivative, and so 
on. Therefore we do not have a closed argument, as it is pointed out by Nualart [TO] . 

On the Wiener case (i.e., v = 0), Buckdahn [SHHIT] has study equation (|l.ip via anticipating 
Girsanov transformations. In particular, he showed that Ito formula is not useful in this case. This 
approach has been also useful to deal with fractional stochastic differential equations (see [121 [13] ). 

On the Poisson space, it means a = 0, equation (II. ip has been considered in different situations 
for different definitions of stochastic integral (see, for instance, [T6 l [TTl [TS] [20ll2T] ) . 

In this paper, in order to obtain the existence of a unique solution to equation (|l.ip . we apply 
the method developed in [5l|6l|7j between consecutive jumps times to figure out the solution of the 
stochastic linear equation (|1.2p . Then, we get the convergence of X"^ to the solution of (|l.ip . 
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The paper is organized as follows. Section 2 is devoted to different preliminaires: Canonical 
Levy space and process, Malliavin calculus and anticipative Girsanov transformations. In section 
3 the solution candidates for equations (|l.ip and (|1.2|) are presented and some of their properties 
are pointed out. In section 4 the existence of a unique solution of ()1.2|) is proved and in Section 5, 
the same is done for (|l.ip . A long and non-central proof of Theorem 12. 71 is placed in the Appendix. 

2 Preliminaries 

In this section we give the framework and the tools we use in this paper to study the existence 
of a unique solution to equation (jl.ll) . In particular we introduce the canonical Levy space as it 
was done in Sole et al. |25| . we extend some results given in Buckdahn ^5, J) to the last space and 
recall some basic facts of the Malliavin calculus. 

In the remaining of this paper, v represents a Levy measure on M such that i^({0}) = and 
/jg x^vi^dx) < oo (for details see Sato jM]), T is a positive fixed number and £ denotes the Lebesgue 
measure on [0, T]. The Borel a-algebra of a set A C M is denoted by B{A). The jumps of a cadlag 
process Z are denoted by AZ (i.e., AtZ = Zt — Zt-)- Also, for any p > 1, | • |p and || • ||p denote 
the norms on L^([0,T]) and on L^(r2), respectively. In particular || • ||oo we will denote the norm 
on L°°{VL), that is, the essential supremum in f2. Sometimes we use the notation | • |LP(n) = II ■ Hp- 

2.1 Canonical Levy space 

In this paper we consider all the processes defined on the canonical Levy space on [0,r], 

{n,J^,P) = {nw ® , J^w <E) Tn , Pw <E) Pn)- 

Here {Vlw , J^w , Pw) is the canonical Wiener space and (fijv, J-jvPat) is the canonical Levy space 
for a pure jump Levy process with Levy measure v, which is defined as follows: 

Let {Sn ■ n £ N} be a strictly decreasing sequence of positive numbers such that ei — 1, 
lim„_i.oo En = and v{Sn) > for any n > 1, where S'l = {a; e M : ei < |2;|} and S'„ = {a; G M : 
£„ < I a; I < e„_i}. With this notation in mind, the canonical Levy space with measure v is 



(f]jv , -Fjv , Fat ) = (g) , P(") ) , 



n>l 



where p("-)) is the canonical Levy space for a compound Poisson process with intensity 

A„ := iy{S„) and probability measure Qn '■— v{- n Sn)/Xn- That is, for n S N, 



:= y ([0,T] X Sr.)\ 



k>0 



with ([0,r] X Sn) = {a}, where a is an arbitrary point. 




and for any 



oo 



k\ 



) 



P^''\B) : 



— e 



E 



fc=0 
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2.2 Canonical Levy process 

The canonical Wiener process W = {Wt : t e [0,T]} is defined as Wt{t^) — uj{t) for uj e i^w, that 
is, w is a continuous function on [0,r] such that uj{0) — 0. 

The canonical pure jump process Jt — {Jt '■ t € [0,T]}, with Levy measure is 

Jt(w) = lim V -i / xi^idx)) +X(^^(c^(i)), w = (c^("))„>i e 

where the limit exists with probability 1 and 



(n), (n)^ _ jj2'iliXiMo,t]iti), if = ((ti,a;i),...,(i„i,a;™)), 



Finally, the canonical Levy process with triplet (7, cr, v) is defined as 

Xt{uj) = 7< + aWt{uj') + Jt{(^"), for uj = e flw ^N- 

Recall also that the associated Poisson random measure is 

NiB) := #{i e [0, T] : {t, AXt) G B}, Be 6([0, T] x Mq), 
where Mq = K - {0}. 

2.3 Elements of Malliavin calculus 

In this paper we deal with the derivative with respect to the process W in the Malliavin calculus 
sense. So, in this subsection, we recall some basic properties of this operator. For details, the 
reader can consult Nualart[19 or Sole et al. [251. 

Let be the set of random variables of the form 

F = fi[ hiis)dWs,...J Kis)dWs), (2.1) 

Jo JQ 

where n > 1, hj £ L^([0,r]) and / e C^(]R"), that means / and all its partial derivatives are 
bounded. The derivative of the random variable F with respect to W is the random variable 

D'^F ^y^{djf){ hi{s)dWs,..., hn{s)dWs)h,. 
-^^ Jo Jo 

The operator D'^ is a linear operator from L'^(flw) into L^{flw x [0, T]), closable and unbounded. 
We will always consider the close extension of and its domain will be denoted by 0]^2- 

The Skorohod integral with respect to W, denoted by , is the adjoint of the derivative 
operator : Dj^a C {^w) ^ L"^ {^w x [0,r])). That is, u is in Dom if and only if 
u £ {^w X [0,r])) and there exists a random variable 5'^ [u) E L'^{nw) satisfying the duality 
relation 



E 



w 



utD^Fdt 







[5^{u)F] for every F e^f.^, (2.2) 



where Eiy is the expectation with respect to the probability measure 



w- 
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We can extend the last definitions to Hilbert space valued random variables: Let {L^{il.N)) 
be the set of all smooth L^(r2jv)-random variables of the form 



F 



n „3 
.-1 "'0 



hi4s)dWs 



(2.3) 



where n > 1, hj^, e L^{[0,T]), G, G ^^(rjjv) and /, G C, 



OO {10)71 

b i'^ 



), for i e {0, . . . ,n} and j € 



{0...,ni}. The derivative of the random variable F with respect to W is the L'^{ilN x [0,T] 
valued random variable 



^=l , = 1 ■'0 



hni,i{s)dWs)hj^iGi. 



The operator is a linear operator from into (fi x [0,T]) , closable and unbounded. 



Moreover it can be iterated defining dY^'^ t^-^ 

For any k,p > 1, we introduce the spaces D^p(L^(riAr)) as the closure of {L^{V,]y)) with 
respect to the norm 



Df-.-D^F 



\F\ 



w,k,p '— II I^U^(niv) \\lp{n„) +E 



\DY''F\ 



l[0,T]i 



L2(o„) 



dz 



Now the Skorohod integral with respect to W, denoted by 5^ , is the adjoint of the derivative 
operator : M^^iL^iflN)) C (n) {n x [0,r]). That is, u is in Dom if and only 

if u G {il X [0,T]) and there exists a random variable e L^(r2) satisfying the duality 

relation 



E 



utD^Fdt 



[5^{u)F] for every F GB^^l'^inN). 



(2.4) 



The operator (5^ is an extension of the Ito integral in the sense that the set L^(f2vi/ x [0, T]) of all 
square-integrable and adapted processes with respect to the filtration generated by X is included 
in Dom and the operator restricted to Ll^{V,w x [0,T]) coincides with the Ito stochastic 
integral with respect to W. For u € Dom we will make use of the notation (u) = UtSWt 
and for wl[o,t] in Dom we will write {u1[Q t]) — Jq UsSWs- Note that in ()2.2p and p.4p we are 
using for the Skorohod integrals defined on L {flw x [0, T]) and on L^{n x [0, T]), respectively. 
We hope that the space will be clear when we use this operator. 
The following result will be important in next section. 

Lemma 2.1 Let F e D5^2(-^^(^iv)) and u G Dom 6"^ D L'^ {n x [0,T]). Then, for almost all 
Lu" e Qn, F{-,uj") e B'^2,'u{-,uj") e Dom 5^ f] L^ {Q.w x [0,T]), 

D^F{-,uj") = {D^F){-,io") 



S'^{u{-,uj"))=S'^{u){-,uj"). 

Remark Note that left-hand sides of last two equalities are given by p.ip and (|2.2p . while right- 
hand sides are defined via (12. 3p and (|2.4p . respectively. 
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Proof of Lemma Hm Let F e B^^i^'^i^N))- Then, there is a sequence e S^iL'^i^N)) : 
n G N} of the form p.3p such that \\Fn — F\\wi 2 ^ ^- Hence, the definition of the canonical Levy 
space, in particular the definition of the probability measure P, implies that there is a subsequence 
{rife : & G N} such that, for a.a. uj" G fi^r. 



|K,(.,a;")-i^(-,a;")||i.(a„) + 



[0,T] 



\{D^F^,i;u:"))-iD^F)i-,u:")\'dz 



which gives that the first part of the result is true because {F„^(-,a;") : fc G N} is a sequence of 
the form (f2J|) . 

Finally, let H e and G e L^{nN). Then, the duality relation ([Ml) yields 



E 



G / utDYHdt 



= E[G(5^(u)i/)] 



Consequently, using the definition of the probability measure P, for a.a. u" G 



f ut{-,uj")D^Hdt 
Jo 



[S'^{U){;LU")H{;L,")] 



Thus, from the duality relation ^2.2\i . the proof is complete 



□ 



2.4 Anticipative Girsanov Transformations 

Here, for the convenience of the reader, we recall some basic facts on anticipative Girsanov trans- 
formations. By Lemma 12. 1[ some of these results will be a consequence of the properties of 
transformations on Wiener space. For a more detailed account on this subject we refer to [SI El [7]. 
Remember that, by the definition of the Canonical Levy space, we have that for any uj € Q there 
are w' G ^Iw and lo" G such that a; = (w',a;") and viceversa. For cj' G a-nd w" G ^n, we 
use the convention uj = {uj'^uj"). 

Given a process a G L^(f2 x [0, T]), we define the transformation Ta Vt ^ Q,w as the application 
defined by 

Ta{Lij' ^Lo") :— Lo' + / as{uj' ,uj")ds. 
Jo 

Observe that for ui" fixed, we obtain a transformation on the Wiener space. We say this trans- 
formation is absolutely continuous if the measure Pw ° (Ta('j '^"))~^ is absolutely continuous with 
respect to Pw, for almost all u" G Hn- Henceforth, we introduce the Cameron-Martin space GM, 
that is, the subspace of absolutely continuous functions of flwj with square- integrable derivatives, 
endowed with the norm 




The following two results are an immediate consequence of [6l [7] and Lemma 12.11 

Proposition 2.2 Let and be two absolutely continuous transformations associated with 
processes ai and 02, respectively, F G D5^2(-^^(^Jv)) cind a G -L^([0, T], D5^2(-^'^(^A')))- Then, for 
almost all lu" £ D,n , we have 

\F{Ta, (w', w"), c.") - F(r„, (c.', c."), w") I < I WD'^Fl^WoolTa, {io',u;") - T,, (c.', u")\cm 
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< 



\a,{Ta, iu:', Lo"), lu") - as{Ta, {u:', uj"), Lj")\'dsj 

\TaA^',J')-TaAJ,Uj")\cM. 



■ T pT 



Jo 



\D^as\^dsdr 



Proposition 2.3 Let Ta be an absolutely continuous transformation. Assume a G L^([0,T]; 
Bf^^iL^inN))), and let a e L^{[0,T];I])]^AL^{nN))) be with a{Ta, ■) e L^{[0,T], L^{n)) and 



■ T pT 



< oo. 



Then, for almost all oj" G ^n, we get a{Ta{-,Lo"),uj") G ^^{[Q^Ty^nY^)^ 
DY{a,{Ta{Lo',uj"),uj")) = {DYcJs){Ta{Lo',u:"),Lo") 

+ / {DYas){Ta{u',uj"),uj"){DYar){uj',uj")dr, 



as{Ta{uj' ,io"),Lo")as{uj' ,uj")ds 
''^{DY<Js){Ta{io', u;"), u"){DY ar){Lo' , Lo")drds, 



70 Jo 



for almost all G 



w- 



that 



In the remaining of this paper HYooiL^i^N)) represents the elements F in D]^2(-^^(^Af)) such 



l-F^lli.oo \\F\ 



-\\\D^F\2\\oo <oo. 

Similarly ID)^^(L2(rjjv)) is the family of ah the elements in B^al^^l^A')) ^ OY^(L^{ilN)) such 
that G L°°(17;L2([0,T]2). 

Now, for a G i^([0, T]; I])]*^(i^(r2Ar))) fixed, we consider two a families of transformations 
{Tt:Q.^Vtw-Q<t<T} and {A^^t : ^ Vlw ■ ^ < s < t < T} , which are the solutions of the 
equations 



{Ttoj). = Lo', + I as{TsUJ,uj") ds. 



and 



rtA- 



(As^t^)- = - ar{Ar^t^,uj") dr, 



(2.5) 



(2.6) 



respectively. 

Observe that, for simplicity of the notation, we not make explicit the dependence on a in these 
equations. Some of the properties of the solutions to (|2.5p and (|2.6p that we need are established 
in the following result. See [51[S1[7] for its proof. 
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Proposition 2-4 Let a G L2([0, T]; Then, th ere exist two unique families of 
absolutely continuous transformations {Tt, Q < t < T} and {A^ t '■ < s < t < T} that satisfy 
equations h2. 5\) and \2.0fl . respectively. Moreover, for each s,t <E [0,T], s < t, A^^t = T^At, 
with At — Ao,t, Tt is invertible with inverse At and a.(T. e L^([0, T]; Dj^o^), for a. a. 

In relation to the transformation Ag^t, we have the foUowing lemma that will be useful for our 
purposes. 

Lemma 2.5 Let a e L^qq, T]; I])J^^(L2(f]^))). Then, for anyu<s<t, we have 

cT \ 



\Au^ti^ - Au,sw|cM -'^(^J^ W^-rWlcdr^ exp 1 2 J 



iD'^arllWoodr 



Remark Note v4„_t is continuous in t with respect the CM-norm, uniformly on u. 
Proof of Lemma 12.51 Let u < s < t. Then, by Propositions 12.21 and 12 .41 we have 

r-tA- 2 



|A„,sW - A 



ar{Ar,s<^,^")dr — / ar{Ar^t^,uj")dr 

u/\- Ju/\- CM 

T 

^{u,s]{r)ariAr,sUJ,uj") - l(^u.t]{r)ar{Ar,tUJ,uj")\'^dr 







< 2 / \ar{ArjUJ,uj )\^dr + 2 \ariAr^sUj,uj ) - ar{Ar^t^^,uj )\''dr 

J s J u 

< 2/ ||a,||^dr + 2 / \\\D^ar\l\\oo\Ar,si^- ArMcMdr. 

J s J u 



So, using Gronwall's lemma, we obtain 



\Au,t^- AuMlM<'^(^j^ \\ar\\'Ld^e^'pl^2 j || l^^a.j^ ||^dr| 

which implies the result holds. □ 

Remark In IHl [7] , Buckdahn has proven that both inequalities in Proposition 12.21 hold only 
for almost all oj' G ^w- But, by Fubini theorem, it is not difficult to see that, in this case, the 
inequality in Lemma 12.51 is satisfied for a. a. w € f2. 



To finish this subsection we give some results related to the densities of the transformations 
{Tt -.n ^ VLw - Q <t <T} And {As^t : n ^ Vtw ■■ < s <t <T}. Now, let F € L°°(f)) and a 
as in Proposition 12.41 One of our main tools in the proof of the existence and uniqueness of the 
solution to equation (|l.ip are the equalities, proven by Buckdahn [SlISll^j 

E [F(v4,,tw, uj")L,^t{io)] = E [F] (2.7) 

and 

E[FiAs,ti^,u;")]^E[FCs.t], (2.8) 

where 

Ls,t{oj) = exp ^^J ar{Ar^tOJ,i^")SWr ~ ^ al{Ar^tW,uj")dr 

{D^ar){Ar,tio,u")D^[au{Au,tUJ,uj")]dudr \ (2.9) 
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is the density of ] and 



s,t 

Cs,t{^) = exp(- / ar{TtArUj,w")6Wr-^ al{TtArU,u")dr 

t rr 

{D^ar){TtArUj,uj")D'^[au{TtA^iu,iu")]dudr } . (2.10) 



Finally, we have that, in this case. 



L,,t(w) - C-l{As,tUJ,uj"), (2.11) 
Lo,t(w) = LQ^s{As,tOJ,oj")Ls^t{uj), 0<s<t<T. (2.12) 



These two relations can be proved as consequence of the equalities ()2.7p and ()2.8p . Indeed, 
E[F{As,tio,u")LsA^)] = E[F] = E[FCs^tC-l] ^ E[F{As,tuJ,w")£~l{As^tUJ,uj")] , 

and 

E[F{AtUj,uj")LoA^)] ^E[F{AsUj,uj")LoA^)] = E[F{AtCJ,Lj")LoAAs,tUJ,uj")L,Auj)] . 

2.5 The anticipative linear stochastic differential equation on canonical 
Wiener space 

On the canonical Wiener space, Buckdahn [5] lU [7] has studied equation ()l.ip via the anticipating 
Girsanov transformations (|2.5p and ()2.6p . Namely, he considers the linear stochastic differential 
equation 



Zt = Zo+ f h,Z,ds+f asZ.SWs, <e[0,T], 
Jo Jo 



(2.13) 



and state the following result: 



Theorem 2.6 Assume a e L^{[0,T],Bf^^), h e L^{[0,T], L°°{n)) and Zq e L°°{n). Then, the 
process Z = {Zt : t (z [0,T]} defined by 

Zt Zo(Ao,Oexp |^ hs{A,A dsj Lo,t (2.14) 

belongs to L^{il x [0,r]) and is a global solution of \2.13\) . Conversely, if Y £ L^{Q x [0,r]) is 
a global solution of KJ^) and, if, moreover, a,h e L°°{n x [0,r]) and D^a G L^{n x [0,T]'^), 
then Y is of the form \2.14-^ for a.e. < t < T . 

Moreover we need the following proposition on the continuity of Z, whose proof is given in the 
Appendix (see Section IH]) because it is too long and technical. 

Theorem 2.7 Assume Zq e D]^^, h e Li([0, T], ©5^^) and that, for some p>2. 
Then, Z given by liS.14^ has continuous trajectories a.s. 



9 



3 Two processes with jumps 

In the sequel we use the foUowing hypothesis on the coefficients: 

(HI) Assume that Xq G B)^^{L°°{nN)), h,v.-{y) G ^^([0, T], D]^^(L°°(r2Ar)), for all y G Mq. 
Moreover, there exists p > 2 such that 

aeL^[0,T],B^^iL°^in^))nL^^i[0,T],B^^iL-'in^)). 

(H2) There exist a positive function g G L^(Ro, i') H L^(Moi i^) such that 

\vs^{y,uj)\ < 3(2/), uniformly on uj and s, 

and 

lim g{y) = 0. 

(H3) The function 5 satisfies /jj,^,(ef(^) - < 00. 

(H4) The function g satisfies /^^(e^s^^) - l)iy{dy) < 00. 

Remark: As an example, observe that the following function is in L^{Ro,i') n L^(Ro,i^) and is 
such that (H3) and (H4) hold, and lim|j^|^o .9(y) — 0- 

/ hW)y^ yG(-/3,/3), 

where /3 G (0, 1) and ki{/3) and k2{(3) are positive constants. 
Given e > 0, set 

XI = Xo(Ao.t)exp( / b,{As.t) ds] Lo,t TT \l + Vs-{y, A,,t)AN{s,y) 

xexpi-/ / ?;s-(2/,^s.t) '^('^2/)c^'5i • (3-1) 
[ Jo J{\y\>6} J 

Notice that this process can also be written as follows 

=Xo(Ao,t)exp|^ bl{As,t) dsj Lo,t J] [l + t;.^-(yf , A,^.,*) 

where 6^(0;) := bs{uj) — /{|j^|>e} ''^s-iy,^)v{dy), {rf^i > 1} are the jumps times whose jumps size 
are greater than e, y| denotes the amplitude of jump r?, and is the number of jumps before t, 
with size bigger that e. 

Proposition 3.1 Assume (HI) and (H2) hold. For each t G [0,T], the process X^ , defined in 
lis. 1]) . converges almost surely to 

Xt = Xo{Ao,t)expl / bs{As^t) ds^ Lo,t expl- / Vs-{y,As,t) I'idy) dsi 
Uq J I Jo Jmo J 

X II [l + v,^{y,As,t)AN{s,y)\. (3.2) 

s<t,yeRo 
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Remark: In the proof of this result we will see that the representation 



Xt = Xo(^o,t) exp <^ / bs{As,t) ds> io,t exp 





X Yl [l + v,-iy,A,,t)^N{s,y) 

s<t,yeRo 



Vs-iy,A,^t) dN{s,y) 



10 JMo 



also holds. We observe that the stochastic integral with respect to N is pathwise defined. 
Proof of Proposition [37lt First of all, the hypotheses on Xq and b yield 

< C. 



-'^0(^0, t) exp / bs{As,t) ds 



Secondly, as the factor io,t is a density, it is finite a.s. So it remains to see the convergence of 
following quantities: 



Ml = exp 
M2 = 



v,^iy,As,t) dN{s,y) 

J\y\>e 

n [l + v,.{y,As,t)AN{s,y) 

s<t,e<\y\ 



-v,-iy,As^t)AN{s,y) 



Using the relation dN{t, y) = dN{t, y) — v{dy)dt and (H2), we have 



"'Ro 



< 



\vs-{y,As^t)\ dN{s,y) + 



g{y) dN{s,y) 



Vs^{y,As^t)\ v{dy)ds 
giv) v{dy)ds 



This quantity is finite a.s. because (H2) implies 



giy) dN{s,y) + 2 / / g{y) v{dy)ds. 

JMo 



E 



g{y) dN{s,y) 



givf v{dy)ds < CO. 



Then, Mi converges a.s., as e — > 0, to exp{Jg J^^ Vs-{y, As^t)dN{s, y)}. 
On the other hand, for any constant c > 0, 

M2 = M2,l X M2,2, 

with 

" ,-t),_(y,A,.t)AJV(s,y) 



^2,1 = n [l + VsAy.As,t)AN{s,y) 

s<t,e<\y\<c\Je 

n [l + v,_{y,A,^t)AN{s,y) 

s<.t.c\/e<- \y\ 



M. 



2,2 



-v,-(y,A,,t}AN{s,y) 



M2,2 is well-defined and converges as e — > to 

n [l + Vs-iy,A,,t)ANis,y) 

s<.t.c<.\y\ 



(3 
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because it is a product of a finit number of factors. To deal with Af2,i we use the foUowing 
argument: Hypothesis (H2) impUes that for smaU enough y, \vs^{y,uj)\ < \- Then, choosing c > 
such that \g{y)\ < \, for \y\ < c, 

logM2,i= [^og{l + Vs-iy,As,t)AN{s,y))-v,-{y,As,t)AN{s,y)], 

s<t,s<\y \ <c 

and this series is absolutely convergent since 

|log (1 + v.^iy, A,^t)AN{.s, y)) - {y, As^t)ANis, y)\ 

s<.t,6< |y I <c 

< Yl [vs-{y,As,t)AN{s,y)f < Y l\vs-{y,A,,t)ANis,y)\ 



s<t,0<\y\<c 

<l Y 9{y)AN{s,y). 



s<t,0<|y|<c 



s<t,0<|t/|<c 



So, Af2,i also converges as e — ^ since J* /^^ g{y) dN{s, y) is finite by p.3p . 

We can conclude that the processes Xf and Xt are well-defined and Xf converges a.s. to Xt 
when £ goes to zero. □ 



Proposition 3.2 Assume (HI), (H2) and (H3). Then, the processes X'^ and X belong to L^(il x 
[0,T]) and 

Xf >Xt, (3.4) 



in L^in X [0,T]). 

Proof: Since and b are bounded and (H2) is true, it is immediate to check that 



\Xf 



|Xo(^o,t)|exp|^ 6,(^s,t) rfsj Lo,t \{ \l + Vs-{,y,As,t)AN{s,y) 



X exp • 



J{\y\>e} 



s<t,e<\y\ 

Vs-{y,As^t) v{dy)ds 







exp< 









|y|>e} 



g{v) y{dy)ds 



< CLo,t n [^ + 9{y)AN{s,y) 



s<t,e<\y\ 

due to 5 G i^(Mo, v). Moreover, using that 1 + a; < e"^ for a; > 0, we get 
\Xt\ < CLo,t exp J V g{y)AN{s, y) \ < CLo,t exp | / / 

[s<t,e<\y\ J 



g{y)dN{s,y)} . 



Finally, the result follows from Proposition 13. 11 the dominated convergence theorem and from the 
fact that Lo t exp | jj" J^^ g{y)dN{s, G L^{^), which is a consequence of Cont and Tankov [5] 
(Proposition 3.6). Indeed, remember that Ew{Lo^t) ~ 1. □ 
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4 Existence and uniqueness of solution of the approximated 
equation 

The goal of this section is to prove the foUowing theorem. 

Theorem 4-1 Assume (HI), (H2) and (H3). Also assume that a, b and v.-{y), for any y G IRq, 
belong to L°°{n x [0,r]) and D^a belongs to L°°(fi x [0,T]'^). Then, the process defined in 
K3.1^ is the unique solution in L^(Q, x [0,r]) of 



Xt — -'^0 



bsXfds+ I asXI5Ws 



J{\y\>e} 



VsAy)XU dN{s,y). 



(4.1) 



Remark. Note that Equation (|1.2p can be rewritten as an equation of the form (14. ip . 
Proof of Theorem I4.lt The proof is divided into three steps. 
Step 1. We first analyze the continuity of X'^ . As we have seen before 

r 1 r 

=Xo(Ao,Oexp|y^ bl{A,^t) dsj Lo,t + Vrf-{yt, A^^ ^t) 

Observe that under the hypotheses of the theorem, Xo(Ao,t) exp | dsj Lo,t is con- 

tinuous on t, for a. a. w" S VIn, as a consequence of Theorem 12.71 On other hand, w"— a.s., 
Y\i=Li[^ + ^Tf-iViT At-e t)] is a finite product with all the terms well defined and continuous on 
<: as a consequence of (HI), Lemma [2.51 and Proposition 12.21 So, X^ has a.s. right continuous 
trajectories with left limits. Moreover recall that by Proposition 13.21 the process X'^ belongs to 

L^{n X [o,r]). 

Step 2. We now prove that X'^ is a solution of ()4.ip . 

Assume that G is an element of the set of i^(r2jv)-smooth Wiener functionals described as 
G = YTt=i H^Z,, with H, e and e ^^(rjjv). Denote 



:{w)= J] [l + Vr-{y,Tr)AN{r,y) 



r<s,e<\y\ 

Due to Girsanov's theorem (|2.7p and that A^^t = o At, we have 



E 



asXIDfGds 



E 



^ a,Xo(Ao,,)exp|^ ¥,{Ar,s)dr^LoMiAs)DYGds 
^ a,(r,)Xoexp|^ b%Tr)dr^^l (D^ G){T,)ds 
Lemma 2.2.4 in shows that £G{Ts) = asiTs)iD'f G){Ts). So, 



^ (^G(r,)^ Xo exp I ^ 6^(T,)dr|$^ds 



Since /J /{|j,|>^} dN{s,y) < oo a.s., we have 



E 



a^XlD^Gds 
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Then, integration by parts implies 



E 



a.XlD'fGds 



G(r,.M)^oexp / bl{Tr)dr\^%._^^, 



G(r,._^At)^oexp / hl{Tr)dr\^% 



G(r,)Xofo:(r,)exp / hl{Tr)dr\^%._.tds 



Using that = (1 + Vr^-{yf ,Tr^)), we have that the previous quantity is equal to 



El 

1=1 



G{TrfAt)Xa cxp 



hi {Tr)dr \ Vr^At- {yl , T,f At ) , At 



-E^ 

i:Ti<t 

-^E / G(T,)Xo&f(T,)exp / 6^(T,)dr U^. 

i=l L"'rf_iAt L Jo J ' 

Taking into account that the two first summands form a telescopic series, Girsanov's theorem (|2.7p 
and p.ip imply that 



a^XlD^Gds 



= E 



G{Tt)Xo exp I ^ &^(r,)dr|$f - GXq 



■E^ 

i\Ti<t 



GXo(A^-At)exp 



rf At 



X ?;^.At-(2/f)$rf_,At(^TfAt) 



= E[GXf-GXo]-E 



G 



' — ■ r c^t ^ 



GblXIds 



"'{|a|>e} 



-E 



G / blXI ds 



So, 



E 



asXID^Gds 



E 



G (^Xf — Xq 



'0 J{\v\>e} 

That means that X^ defined in (13.11) is solution of (14.11) 



(4.2) 



Step 3. Now we prove the uniqueness of the solution to (|4.ip . We argue it by induction with 
respect to the jump times rf. Notice that if t € [0,r|^), by Theorem 12. 6[ there exists a unique 
solution. We now suppose that t G [t^jtI). Assume that is a solution of the stochastic 
differential equation (|4.ip such that £ L^{fl x [0,T]) and a.^^Uj^e is Skorohod integrable. 
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For any t £ [Tf , rf ), satisfies 



where by Step 1, we can write 

X',,^Xo{Ao,rl)h+Vr^-{yT) 



exp ■ 



(4.3) 



(4.4) 



Note that Lemma [^TTj imphes that, for a. a. oj" E fl^, w")y(-, a;")]]]^.^ tj G DomJ^, and a{-,uj"), 
Xo(-,w"), 6(-,w"), v{y, ■,uj") satisfy (HI) when we write Bf^^ and D^J instead ofD^^{L°°{nN)) 
and D^^(L°°(17Ar)), respectively. Now we fix a such uj" and in the following calculations we avoid 
write it to simplify the notation. 

For p > 0, there is a sequence {a" : n e N} of smooth functionals of the form a" = 
J2^=i Pi:nhi^n, with Fi^n S and hi^n e L^([0,T]) satisfying (i) and (ii) of Proposition 2.1 
in Buckdahn [6]. Fix n G N and consider the transformation A" given by ()2.6p . when we change a 
and A by a" and A" , respectively. Let G be a smooth functional defined by the right-hand side of 
(CT) . Then, Buckdahn ^ (Proposition 2.2.13) leads to establish 

'^-G(A«._,) = -a?i?r [g(A;^.j" . 



Taking into account 



dt 

we get 

= E- 



(4.5) 



w 



E 



w 



G(A".,) 



ds 



+E 



w 



b^Y^GiAl^.Ms 



Now, replacing G{A'^,^^) by G(v4;\ J + /; ■^G{A'^,^^)dr, for some s e [rf and using (g!]), we 
obtain 



E 



w 



Yt'G{A-,) 



X^e G 



XI 



+Em/ 
+Em/ 



ds 



-El 



w 



G(A" 



(is 



-hEw' 
-Ew 



asY^DY 



asY!Df 



g(a;v,j 



ds 



6:r/G(A;^._jds 



E 
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Therefore, the Fubini theorem allows us to state 



E 



w 



E 



w 



E 



w 



w 



G{A- 



ds 



ds 



-E 



w 



+Ew 



b'^Y^'GiA^E^ds 



asY^D'f 



1 " ' 1 
t 







-Evy 


/'/ 



dsdr 



dsdr 



By Lemma 2.2.13 in [5] we have that a^D^ (^G{A"e is a smooth functional for fixed re [Tf , t]. 
Therefore, applying (|4.3p to this smooth functional we get that 



E 



w 



yt'G{A-E^,) 



= Ev 



Ev 



{as~a-)Y,^DY G{A-eJ 



ds 



-E 



w 



The hypotheses assumed allow us to use the dominated convergence theorem. Thus, taking limit 
as n — )• oo. 



X^E G 



-E 



From Girsanov's argument (I2.8P we have, with Tr^^s = A^} ^, 



E [r/(T,.,t)/:rf,tG] =E 



bliTr^^s)Y,'iTr^^s)Cr^^sGds 



Since this is true for any smooth functional G, it implies 



So, 



r/(T..,t)/:..,t = X-,E + f bl{Tr^^s)Y!{Tr^^s)Crl^ 

Yi{T,E^,)Cr'„t = X%E cxp |£ b\{Tri,s)ds\^ . 



,ds. 



and, by (|2.1ip and (14. 4p . this means that 



- X%E{ArE^^^^^v\j^h\{As,i)d^i^ri,t 



Xo(Ao,t) exp I y 6^(^,t) j exp | j b%{A,^t)ds 

X Lo , Tf (^Tf , t ) ^rf , t [ 1 + _ ( , ^rf , t ) ] 
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Finally, using (|2.12p . we have that 

= Xo(^o.t)exp|^ bl{As,t)ds^ Lo,t [l + A,.,^] ■ 

This completes the proof for t e [^f , t| ) . The rest of the cases can be treated similarly. 



□ 



5 Existence and uniqueness of solution for the main equa- 
tion 

The main goal of this section is to prove the following theorem. 

Theorem 5.1 Assume (HI), (H2) and (H4). Suppose also that a,b,v.-{y) S L°°{fl x [0,T]), for 
any y G Rq, and a £ L°°{il x [0,T]'^). Then, the process X defined in (3. 2\) is the unique 
solution in L^{Q, x [0,r]) of 



Xt — Xq 
such that 



asXJW, 



v,^{y)Xs- dN{s,y), t e [0,T] 



(5.1) 



\vs-{y)X,_\dN{s,y)+ 1^ / \g{y)X,^Hdy)ds ] e L\n). 



Here, the stochastic integrals with respect to N and N are pathwise defined. 

Remark. As an immediate consequence of the proof of this result, equation (jl.ip can be rewritten 
as an equation of the form (15.11) . 



Proof of Theorem I5.lt This proof is divided into two parts. 

Step 1. First of all, by means of a limit argument we will show that X defined in p.2p is a solution 
of (|5.ip . Towards this end, we prove the convergence of (|4.2I) . when e tends to zero. 

Using that a and b belong to L°"{il x [0,r]) and that G is a smooth element, we obtain that 



limE 

e-l-O [ Jq 



and 



limE 



G 



-Xn 



asXlDfGds 



bsXlds 



asX^DfCds 



It only remains to prove that, for any t e [OiT^li 



limE 



Gl I v,^{y)XI^ dN{s,y) 

J{\y\>e} 







= E 









Vs-{y)Xs- dNis,y) 



(5.2) 



In order to prove this convergence and that the right-hand side is well-defined, we utilize the 
following estimation: 



E 



/ Vs-iy)XI_dN{s,y)- f f v,_iy)X,_ dN{s,y) 

J{\y\>e} Jo "'{|y|>0} 



2 I 
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with 



E 



E 



Vs-{y)Xs- dN{s,y) 

^{0<|y|<e} 

v^.iy) [XI_~X,] dN{s,y) 



/O "'{|y|>£} 

First of all, by the definition of N, we can write 

< p -I- p 

^ -'i.i + -'1.2; 



with 



III = 



E 



J{0<\y\<e} 
t 



Vs-iy)Xs- v{dy)ds 



/o J{0<\v\<e} 

Now, (H2) and the bound of X given in the proof of Proposition 13.21 imply that 

g{y)\X,^\ dN{s.,y) 



III < ] 

< C E 

< CEn 
Then, by (H4) we obtain that 



J{0<\y\<e} 



^{0<|y|<£ 
T 



9{y) Lo,t exp / / 

} [Jo JKo 



g{y)dN{s,y)\ dN{s,y) 



J{0<\y\<e} 



g{y) dN{s, y) exp • 



g{y)dN{s,y) 



E [II,] 0, 

when e goes to 0. 

Proceeding similarly, we also get 

E [ly] 0, 

when e goes to 0. 

Finally, again the relation between of N and N, the fact that 



XI_^Xs- < 2C Lo,t exp. 



'l{y)dN{s,y) 



JRo 



which is a consequence of Proposition 13.21 and the dominated convergence theorem allow us to 
ensure that when s goes to 0, 



0. 



So, the convergence (j5.2l) is satisfied. 

Step 2. Now we show the uniqueness of the solution to (|5.ip . Let y e L^(57 x [0, T]) be a solution 
of dsn satisfying aFUjo^t] G DomS^, t e [0,T], and 



|i>,_(y)n_|d7V(s,y) eii(r!). 

JRo I 
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Recall that the coefBcients verify that for any u" E ft^ a.s. 

M;w")\ + \at{;w")\ + iDf'ati^w")] + \vt-iyr.w")\ < C, 



(5.3) 



for any s,t E [0, T], u' E fiiv and y E Rq. 

Now fix oj" E flN, and let a" and A"' be as in the proof of Theorem 14. II Consequently, for any 
G E 5^, we have, by Lemma [2Jl 



Ew[Yt{;io")G{A^)] = Ew[Xo{-,u:")G{A1)]+Ew 



+Ew 



w 



a.{-,oj")U-,u")Df{G{A^))ds 



G(An / / v,_{y,;u")Ys-{;Lo")dN{s,y) 
Jo JRo 



By (2.2.24) in Lemma 2.2.13 of [5], 



-G{A-) = -an;u;")DriGiA-)), 

and it implies that 

G{A:) = GiA:) - J' a^{;L,")D^iG{A^))dr. 
Taking this last equality into account, we get 



iw [Yt{-,uj")G{A^)] = Ew [Xo{-,uj")G] ~ Ew 







-E 



w 



G{A'l)b,{-,uj")Ys{-,Lo")ds 



a'',{-,J')D^{G{A^,))dr ] b,{;u;")Y,{;u")ds 



-E 



w 



a,{;uj")Y,{;u")DY{G{A:))ds 



-E 



w 



D 



w 



a^{;Uj")D^{G{A^))dr as{;Uj")Ys{;uj")ds 



-E 



w 



-E 



w 



G{A:)v,^{y,;Uj")Ys-{;Uj")dN{s,y) 

IQ J&o 
ft r / nt 



JEo K-I s 



<'(•, L.")i?r (G(An)dr vs- {y, ■,uj")Ys^ (•, cj")dN{s, y) 



Hence, proceeding as in Step 3 of the proof of Theorem 14. 1[ we state 



Ew[Yt{-.u:")G{A^)] - Ew [Xq{-,oj")G] +Ew 



G{A^%{-,u:")Ys{;Cj")ds 



-Ew 
~Ew 



G{A^:)vs-{y,;u;")Ys-{-,u:")dN{s,y) 



{a.-a^){;u")Df'{G{A^))Y,{;u")ds 



(5.4) 
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Therefore, proceeding as in the proof of Theorem 14.11 again, we can write 



Eiy[rt(.,c.")G(At)(.,w")] = Eiy[Xo(-,^")G]+E^ 



GiAM-,to")Y,{;uj")ds 



Thus, Girsanov Theorem imphes 

E^[A(.,c.")rtm(.,c^"),c.")G] 

ft 



G{As)vs- {y, ; cj")Ys- {■,u;")dN{s, y) 



Ely 



G (^Xo(-, 0.") + ^ hs{Ts{; LO"), Uj")YsiTs{; Uj"), Lj")Cs{; uj")ds 



+ I v,.{y,Ts{-,u^''),u^'')Y,^{T,{-,u^''),J')Cs{-,J')dN{s,y) 



which yields 

Yt{Tt{L0' , Lo"), uj")Ct{uj' ,Uj") 



= Xo{lo\lo")+ / b,{T,{Lu\L,"),uj")Y,{T,iu,u"),Lu")C,{uj',u")ds 
Jo 

+ 11 v,_{y,T,{uj',Lu"),u")Ys-iT,{Lu',Lj"),uj")Cs{^',u")dN{s,y), u' a.s. 

Jo JRo 

Since all factors are mesurable, we can change w' for u" . So, for almost all lu', 
Yt{Tt{uj',Lo"),co")CtiL^\u") 



Xo{uj ,uj )+ / bs{Ts{uj ,u} ),u} )Ys{Ts{uj,uj ),uj )Cs{u} ,uj )ds 



(5.5) 



+ 



.(y, r,(w', Lj"), uj")Y,^{T,{lo' ,u:"),u:")Cs{u:' ,u:")dN{s, y), uj" a.s. 



Finally, we only need to observe that either Protter [22] (Theorem 37, page 84), or Bojdecki [4] 
(Theorem 13.12) gives 

Yt{Tt{L0',u"),Lu")CtiLu',Lu") 

= Xo{u;)exp\ [ K{T,{u:),Lo")ds+ f f Vs-{y,T,{u;),w")dN{s,y) 
iJo Jq J&o 



H [l + v,.{y,Tsiuj),uj")ANis,y)] 



0<s<t 



wich means that X — Y and the proof is complete. 



□ 



6 Appendix 

This section is devoted to present the proof of Theorem 12. 71 In order to simplify the notation, we 
use the convention D = because, in this section, the probability space is the canonical Wiener 
space. Also, remember that c will denote a generic constant that may change from line to line. 
We begin this section with an auxiliary result. 
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Lemma 6.1 Under the assumptions of Theorem \2.7\ we have that, for s G [0,r], 
(a) 

\De{ar{ArM^d0 < 2e^'''\\\Dar\2\\lo, r£ [0,s], 



where a := \\ \Dar\l \\oodr. 



s i-T 

\De{ar{Ar^s))?dQdr < 2cie^'\ 

^0 



(c) 



(d) 



with C2 := /q II \DDar\l Woodr. 
Proof: We first observe that, by virtue of Proposition 12.31 and (|2.6p . we obtain 

D0{ar{Ar,s)) = {Dgar){Ar.s) - / {Duar){Ar.s)Dg{au{Au,s))du 

J r 

Therefore, from Holder inequality, we have 



[ \iDear){Ar,t)-iDgar)iAr,s)fd9 <\\\DDar\l\\^2e^'' [ Mlodr, r G [0, s] 

Jo J s 



\{Dear){Ar^t) - {Dear){Ar^s)?d9dr <2e'-'c2 / \\ar\\1dr, 



\Dg{ar{ArMd9 

10 



2 

de 



<2 f \{D0ar){Ar,s)?de + 2 [ ( {Duar){Ar.s)De{au{Au.s))du 

Jo Jo Jr 

<2\\\Dar\2\\l. + 2 (^j^ \{D^ar){Ar,s)?dv^(^j^ \Dea^{A^^,)\'' dv^ d6 
< 2\\ IDarUWl + 2\\ \Da,\2 \\l f [ C |i?e(a„(A„,.))pd0 ) du. 



Consequently, by Gronwall's lemma, we deduce 







WaMrMde < 2\\ \Dar\2\L exp / 2|| \Dau\2 \Ldu < 2e^''\\ \Dar\2 ||L, 



which shows that Statement (a) is satisfied. 

Now, using Proposition [221 Lemma [2.51 and the definition of constant ci we obtain 

/ \{Dear)(Ar,t)-{Dear){Ar,s)\^de < \\\DD 

CLr 1 2 1 1 sup I -^r.s loA/ 

< \\\DDar\l\\oo2e^'' [ ||a,||^du. 

J S 
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Thus, Statement (c) holds. 

Finally, Statements (b) and (d) are an immediate consequence of (a) and (b), and the proof is 
complete. □ 



Now, we are ready to prove Theorem 12.71 

Proof of Theorem \2.7i From (|2.9p and ()2.14p . we only need to show the continuity of processes 
Zo(Ao,.), J^h,iAs,.)ds, /g a2(^J ds, /„a,(^,.) SWs, and £{Dua,){A,^.) Ds(a„(^„,.)) duds. 
So now we divide the proof in several steps and we assume that < s < t < T. 



(1) Taking into account Proposition [2?2l we get 



|Zo(^o,t)-^o(^o..)| < / \DsZo\''d.s 



\Ao.tUJ - Ao^s^lcM, 



which, together with the definition of the space 'B^qc and Lemma [2751 implies that the process 
{2'o(Ao_() : t S [0,T]} has continuous paths. 

(2) We show now the continuity of {J* gr{Ar^t)dr : t G [0,T]}, with g e Li([0,T],I])i,oo)- Note 
that, in this proof, gr '■— hr or gr := a^. From Proposition [2?2l we can conclude 



gr{Ar^t)dr 



gr{Ar^s)dr 



< 



< 



dr + J \\\Dgr\2\\oo\Ar^t - Ar^slcAidr 



\gr\\oodr + 



\Dgr\2 Woodr sup \Ar,t - Ar,s\cM, 
I r<s 



which gives the desired continuity due to Lemma 12.51 

(3) Next step is to check the continuity of {/J ar{Ar^t) : t £ [0, T]}. So, by the Kolmogorov- 
Centsov continuitiy criterion (see }19j . for example), it is sufficient to show that for some 
p€ (2,00), 



E 



ar{Ar^s) SWr 



2p 



<c{t-sr-\ 



where c is a constant that only depends on p and a. 

Remember that a. {A.^t)T^[o,t] (■) belongs to i^([0, T], D1.2) as a consequence of Propositions [2731 
and l2.4l (see also [HIlllT]). In particular this guarantee that 5(a.(A._t)l[o^t](')) is well-defined. 
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We can apply Holder inequality and Proposition 3.2.1 in ^19j to derive 











< c E [ 


J ar{Ar,t) SWr 


j +cE [ 


/ [ar{Ar,t) - ar{Ar.s)] SWr 

Jo 



2pN 



< c / (E{ariAr,t))) dr +cE 



t pT 



{Dear{Ar^t)fdedr 



+c\^J (Eiar-iAr^t)- ar{Ar,sWdr 

+cE\ [ [ {Dg{ar{Ar,t)-ar{Ar,s))fdedr 
\Jo Jo J 



= c {A + B + C + D}. 

In order to finish this step, we are going to see that these four terms are bounded by c{t—sy~^. 
Towards this end, we observe that Holder inequality and Lemma [01 fa) allow us to conclude 



A< 



and 



iE{ar{Ar,t)))^Pdr^ {t - sf-' < I ||a,||oo || (i - sf"' 

B<c(^£\\\Dar\2r^dr^ (t ~ sf-^ 

Using Holder inequality again, together with Proposition 12.21 Lemma [2.51 and the definition 
of Ci given in the previous lemma, we have 



C < 



< 



i{\ar{Ar^t) - ar{Ar,s)\'^)dr 



< 



l^«.|2||^E(|A 



IDar 



. - A |2 

r,t 



r,s\CM 



)dr 



\ag\\^d9 



o-uWoodu ] exp -j 2 
p 



\Dau\2 Woodu > dr 



\\ae\\'£de]it-sr-\ 



In order to manage term D, we observe that equation (|6.ip . Lemma l6. II and Cauchy-Schwarz 
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inequality lead to establish 



[ \De[ar{Ar,t) - ar{Ar,s)]\''de 
Jo 



< 2 / \{Dgar){Ar,t) " {Dear){Ar,s)r dO 

rt \ pt rT 



+8^^^ ^ \De{au{Au,t))\^dedi^ \{Duar){Ar,t) - {Duar){Ar,s)fdu 
+8(^^ \{Duar){Ar,s)?dt}j \Dg{au{Au,t))- Dg{au{Au,s))?dOdu 

<Ae^^'\\\DDar\l\U I ||a„||^dM + Se^^^^HlDa^l^lU / |||£>a„|i||oorfw 

J S J S 

+32e^''ci\\\DDar\l\\oo f IKlLdu 

J s 

+8\\\Dar\l\\oc ^ \Dgiau{A^,s))-D0{auiAu,t))fdedu. 

Let V G [0, s] . Joining first and third terms in the right hand side of the last expression and 
integrating in both sides with respect to r between v and s we obtain 



[ [ \De [ar {Ar,t) - a. ( A,,, )] | ^ dedr 

Jv Jo 

< ci \\\DDar\l\\oodr^ \\ar\\l^dr 

+8e'^^' ( I \\\Dar\l\\oodr\ ( f WlDaJlWoodr 



rs i-T 



+8 / \\\Da, 

J V 

where ci := Ae"^"^ + 32e'^=ici. 
Now, applying Gronwall's lemma. 



/ \\\Dar\l\\oo / \De[au{Au,t) - au{Au,s)]\^dedudr, 

Jv Jr Jo 



y y {De{ar{Ar,t)-ar{Ar,s))fdedr<c^j^ \\ar\\l^dr + J^ |||Da^|i||oodr| . (6.2) 
Therefore, using Minkowski and Holder inequalities we state 

^ar\2\\'£dr] it-sr-\ 



D < 2P-^c \\ar\\^£dr + £ \\\Do 



Thus, the claim of this step is satisfied. 
(4) Finally, we consider the process t /q /J(Z)„as)(^s,t) 2?s(a„(A„t)) duds. 
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We have 



Jr 

< 



Jr 



s J r 

s ft 



{Duar){Ar^t) Dr{au{Aut)) dudr 
t pt 

\{Duar){Ar^t) Dr{au{Au,t))\dudr 
|(D„a,.)(Ar,t) DriauiAu.t))\dudr 

Duar){Arj) - {Duar){Ar^s)]DriauiAu,t))\dudr 
\iDuar){Ar,s)[DriauiAu.t)) - Dr{au{Au,s))]\dudr 

10 Jr 

= J1 + J2 + J3 + Ja- 



{Duar){Ar^s) Dr{au{Au,s)) dudr 



J s 
s ps 



Jr 
s ps 



Now, Cauchy-Schwarz inequality and Lemma l6 . 1 1 yield 



Ji < 



t pT 



s Jo 



\{Duar){Arj)\'^ dudr 



\{DriauiAuA))fdudr 



< V2^ 



,2ci 



\Dar\2\\oodr , , 



J2 < 



' \{Duar){Ar,t)\''dudr^ (^J^ ^ \Dr{a^{A^^t))\^dudr^ 



Js 



< ciV2^(^J^ \\\Dau\l\\oodu 



and 

Js < 



^0 



\{Duar){Ar,t) ~ {Duar){Ar^s)\^ dudr 

< 2V^e2^i (^J^ IWrWlodr^ . 
Finally, by means of inequaltiy ()6.2p . we have 



Jo 



\Dr{au{Au,t))\'^ dudr 



Ja < 



Jr 



< c 



\Driau{Au,t)) - Dr{auiAu,s))\^dudr 



\DriauiAu.t)) - Dr{au{Au,s))\'^drdu 



Jr 



\{Duar){Ar,s)\'^dudr 



la-rWl^dr 



\Dar\2 Woodr 



Thus, the proof is complete. 
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